Entanglement under restricted operations: Analogy to mixed-state entanglement 
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We show that the classification of bi-partite pure entangled states when local quantum operations 
are restricted yields a structure that is analogous in many respects to that of mixed-state entangle- 
ment. Specifically, we develop this analogy by restricting operations through local superselection 
rules, and show that such exotic phenomena as bound entanglement and activation arise using pure 
states in this setting. This analogy aids in resolving several conceptual puzzles in the study of 
entanglement under restricted operations. In particular, we demonstrate that several types of quan- 
tum optical states that possess confusing entanglement properties are analogous to bound entangled 
states. Also, the classification of pure-state entanglement under restricted operations can be much 
simpler than for mixed-state entanglement. For instance, in the case of local Abelian superselection 
rules all questions concerning distillability can be resolved. 

PACS numbers: 03.65.Ta, 03.67.-a, 03.75.-b, 05.30.-d 



I. INTRODUCTION 

Entanglement of quantum systems is a potentially 
powerful resource for quantum information process- 
ing T'l. However, in the presence of noise, it is currently 
not known precisely which entangled states are useful, 
and a vast theory of mixed-state entanglement has de- 
veloped to classify states according to their entanglement 
properties 

In this paper, we show that the theory of pure-state 
entanglement when quantum operations are restricted 
- described formally by a superselection rule - pre- 
cisely replicates the structure of mixed-state entangle- 
ment, including such exotic properties as bound entan- 
glement and activation. This analogy is useful both for 
the theory of mixed-state entanglement, and for that 
of pure-state entanglement under restricted operations. 
After over a decade of debate on issues such as the 
non-locality of a single photon 0, S 0, H H S 
and the role of a phase reference i n q uantum telepor- 
tation we resolve 

these conceptual issues by demonstrating that entan- 
glement under restricted operations can be viewed as 
bound by the restriction. In addition, we demonstrate 
that the surprising results for entanglement under con- 
straints 20, 211 123, 1231 arise from the coexistence 
of two distinct operational notions of entanglement, and 
that distinguishing these notions realizes the entire struc- 
ture of the pre-existing mixed-state entanglement theory. 
Thus, we demonstrate that the specialized concepts of 
the field of mixed-state entanglement (such as activation 
and multi-copy distillation) can be applied to a wide vari- 
ety of practical situations. Moreover, unsolved questions 
for mixed-state entanglement have analogous questions 
in the context of pure-state entanglement under restric- 
tions, and these can be answered in some cases. It is 



hoped that this formal analogue of the complex and sur- 
prising structure of mixed-state entanglement in another 
situation - one that is conceptually straightforward to 
understand and interpret - will ultimately lead to new 
results in mixed-state entanglement theory. 



II. CLASSIFYING MIXED-STATE 
ENTANGLEMENT 

In this section, we present some known results for the 
classification of mixed-state entanglement, with our own 
bias and some new terminology. For an extensive review 
of mixed-state entanglement, see 2]. 

Central to the theory of entanglement is the classi- 
fication of the states of a quantum system shared be- 
tween two parties (Alice and Bob) who can perform only 
local quantum operations and classical communication 
(LOCC). This limitation on their operations means on 
the one hand that certain states cannot be prepared by 
the two parties starting from some uncorrelated fiducial 
state, and on the other hand that certain states shared 
by the two parties may serve as resources allowing them 
to perform tasks not possible with LOCC alone. In this 
paper, it will be important to distinguish between vari- 
ous sets of states characterized by either ( i ) the opera- 
tions required to prepare them, or (ii) the resource they 
provide for quantum information processing tasks. To 
emphasise the distinctions between these sets, we adopt 
a slightly unconventional terminology for mixed-state en- 
tanglement. First, we identify the class of bi-partite 
states that are locally preparable, that is, preparable by 
LOCC (starting with some uncorrelated fiducial state). 
We denote this class LP. Second, we identify the class 
of states that are distillable denoted D. States are 
distillable if n copies can be converted into nr pure max- 
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FIG. 1: Illustration of the division of all bi-partite mixed 
states into four classes. When restricted to LOCC, there is a 
proper gap between what is locally preparable and what is 1- 
distillable. This gap contains 1-bound states. If an additional 
resource is supplied, allowing for all PPT-preserving opera- 
tions, then all 1-bound states either become locally preparable 
(BLP) or become 1-distillable (Bl-D). 



imally entangled states via LOCC for some r > in the 
limit rt — > oo. 

A pure state is either locally preparable or distillablc 
(either in LP or in D), depending on whether it is a prod- 
uct state or not (i.e., a state of the form (g) \<j))B or 
not). For mixed states, the set LP is the set of states that 
possess a convex decomposition into product states (the 
separable states). Identifying the class of mixed states 
that are distillable is important for quantum information 
processing, but unfortunately it is not known how to de- 
termine if a general bipartite mixed state is distillable or 
not 01 . One property of the class D is certain, though: in 
contrast to the situation for pure states, there are mixed 
states that are neither locally preparable nor distillable, 
called hound entangled states j25j. 

Part of the difficulty in identifying the set of distillable 
mixed states arises from the asymptotic nature of the 
definition of distillability, as it is not known how to char- 
acterize all possible distillation protocols that act on a 
potentially infinite number of copies. In the following, we 
will make use of a related class with a simpler character- 
isation: the class of states that are 1-distillable [26ll2^ . 
denoted 1-D. We define and motivate this class as fol- 
lows. First, we note that distillability is decidable on a 
2x2-dimensional space, wherein all separable states are 
in LP, and all non-separable states are distillable . On 
an arbitrary bi-partite space, we define a state p to be 1- 
distillable if there exists an operation implementable with 
LOCC, represented by a completely positive map £ 0, 
that maps p onto a 2 x 2-dimensional subspace of the bi- 
partite system such that £{p) is non-separable (and thus 
distillable). If a state is 1-distillable then it is distillable. 
For pure states, 1-distillability is equivalent to distillabil- 
ity, and thus every pure state is either locally preparable 
or 1-distillable. This is not the case for mixed states. Due 
to the existence of bound entangled states (i.e., states 
that are neither locally preparable nor distillable), and 
the fact that 1-D C D, there exist mixed states that are 
neither locally preparable nor 1-distillable. We shall re- 
fer to all such states as 1-bound. 

Remarkably, by appropriately extending the set of op- 
erations that Alice and Bob can perform beyond LOCC, 
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FIG. 2: Illustration of activation of bound entanglement. A 
BLP state a can be used to "activate" the entanglement of a 
Bl-D state p, i.e., the combined state p ® cr is 1-distillable. 



all states become either locally preparable or 1-distillable. 
We describe this extension of operations as supplement- 
ing LOCC with an additional resource. Clearly, addi- 
tional power will affect the boundaries of what Alice and 
Bob can prepare or distill; we are interested in a resource 
that precisely removes the proper gap between LP and 
1-D. Consider extending LOCC to allow all operations 
that preserve the positivity of the partial transpose of 
states With this additional resource, all states with 
positive partial transpose (PPT) can be prepared locally. 
All states that are not PPT are 1-distillable with this ad- 
ditional power in the sense that they can be mapped by 
a PPT-preserving operation £ onto a 2 x 2-dimensional 
space such that £{p) is non-separable [s^ . States that are 
not locally preparable with LOCC, but locally prepara- 
ble given LOCC plus the additional resource, can be 
said to become locally preparable given the resource, de- 
noted BLP. Similarly, the class of states that are not 1- 
distillable but become 1-distillable given the resource we 
denote as Bl-D. For mixed bi-partite states under PPT- 
preserving operations, the class BLP contains all PPT 
bound entangled states and the class Bl-D contains all 
non-PPT states that are not 1-distillable; both classes 
are non-empty HHHIill. See Fig.[T] 

The categories BLP and Bl-D are related in an in- 
teresting way. Through an isomorphism between bi- 
partite quantum states and quantum operations, any 
PPT-preserving operation can be implemented proba- 
bilistically using LOCC and a specific state in BLP (i.e., 
a specific PPT bound entangled state) [sJl- Recall that 
any Bl-D state becomes 1-distillable if Alice and Bob are 
given the additional resource of all PPT-preserving op- 
erations. Thus, for every p S Bl-D there exists a state 
a G BLP such that u p is 1-distillable. We say that the 
state (7 G BLP activates the entanglement of the state 
p G Bl-D using only LOCC operations js^; see Fig.|21 

Another remarkable feature of mixed-state entan- 
glement is that, although states in Bl-D are not 1- 
distillable, they may nevertheless be distillable [s^. We 
define a state p to be n-distillable (in n-D) if there exists 
an LOCC operation f„ onto a 2 x 2-dimensional space 
such that f„(p®") is non-separable. In other words, the 
joint state p*^" is 1-distillable. If a state is n-distillable 
for some n then it is distillable. (In fact, it has been 
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shown [33 that n-D is a proper subset of D for all finite 
n.) Thus, mixed-state entanglement exhibits multi-copy 
distillability, meaning that there exist states in Bl-D that 
are not 1-distillable but that are n-distillable for some 
n>2. 

There remain, however, many open questions regard- 
ing the general structure of mixed-state entanglement. 
Perhaps the most important question from the point of 
view of quantum information processing is: Are all states 
in Bl-D distillable? 



III. AN ANALOGY IN QUANTUM OPTICS 

To introduce the concepts and results developed later 
in this paper, we first begin by providing a simple ex- 
ample of how the phenomena arising in the context of 
mixed-state entanglement have precise analogues in the 
structure of pure-state entanglement under a restriction 
on operations. Specifically, we consider some well-studied 
states from quantum optics and the restriction of a local 
photon-number supers election rule. 



A. Local photon-number superselection rule 

The restriction of a local photon-number superselec- 
tion rule implies that a party cannot prepare coherent 
superpositions of states of different local photon num- 
ber (starting with states without coherence), nor mea- 
sure such coherences, nor implement a transformation 
that creates such coherence. For instance, if Alice is re- 
stricted by a local photon-number superselection rule, 
she cannot prepare a state of the form -i=(|0)A -I- \1)a): 
where \n)A denotes an n-photon eigenstate of a mode in 
Alice's possession. However, she can prepare the state 
-^(|01)a -I- |10)^) on a pair of modes in her possession 

(where |01)^ — \0)ai |1)a2i etc.), because this state is 
an eigenstate of total local photon number. 

A local photon-number superselection rule applies to 
multi-party quantum optics experiments when the par- 
ties do not share a common phase reference 0, fioj . 
This connection between superselection rules and refer- 
ence frames can be seen as follows. In optical experi- 
ments, states of an optical mode are always referred to 
some phase reference. Consider several optical modes 
distributed between two parties, Alice and Bob. Suppose 
there is a third party, Charlie, who has a local phase ref- 
erence - for example, a high intensity laser - to which 
the quantum states of Alice and Bob's optical modes can 
be referred. Suppose further that Alice and Bob do not 
share this phase reference, i.e., their lasers are not phase- 
locked with Charlie's. The relative phase between their 
phase references and Charlie's is therefore completely un- 
known. 

We now demonstrate that this unknown phase relation 
leads to a local photon-number superselection rule. Let 



Alice prepare a quantum state of her local optical modes, 
which she represents by a density operator pA relative to 
her phase reference. If the relative phase between Alice 
and Charlie's phase references was known to be then 
this same state would be represented by the density oper- 
ator e"^"^^"^ pAC^'^'^^ relative to Charlie's phase reference, 
where Na is Alice's local photon number operator. Given 
that <f> is completely unknown, one must average over its 
possible values to obtain the state relative to Charlie. 
This state is 

Ua[pa]^ fj'^^e-^^^^PAC^^^^. (1) 

which is equivalent to 

UA[pA]^Y.^nPATlt, (2) 

n 

where 11;!^ is the projector onto the nth eigenspace of Na- 
The map Ua removes all coherence between states of dif- 
fering total photon number on Alice's systems. Similarly, 
any operations Alice implements relative to her phase ref- 
erence are redescribed relative to Charlie's phase refer- 
ence as operations that commute with Ua- Thus, relative 
to Charlie, Alice experiences a restriction on operations 
that is described by a superselection rule for local photon 
number Na as defined in |2lj |. A similar argument ap- 
plies to states and operations of Bob relative to Charlie, 
characterised by a map Ub- Thus, the situation where 
Alice and Bob lack Charlie's phase reference is a restric- 
tion formally equivalent to a superselection rule for local 
photon number. 

We note that although the term "superselection rule" 
was initially introduced to describe an in principle re- 
striction on quantum states and operations j3'||^it has 
been emphasized by Aharonov and Susskind 35] that 
whether or not coherent superpositions of a particular 
observable are possible is a practical matter, depending 
on the availability of a suitable reference system. Mod- 
ern arguments in favour of this view may be found in 
Refs. ^1, 36, 37], and we follow the practice of using the 
term "superselection rule" to describe both in principle 
and practical restrictions on operations. 

B. Bound entanglement in pure-state quantum 
optics 

In such situations, there has been considerable de- 
bate over the entanglement properties of certain types 
of states, such as the two-mode single-photon state 

iiQ 

^(10)^11)b + 11)a10)b). (3) 

There is a temptation to say that this state is entangled 
simply because of its nonproduct form. However, it is 
far more useful to consider whether or not this state sat- 
isfies certain operational notions of entanglement. One 
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such notion is whether a state can be used to violate a 
Beh inequahty. Another is whether it is useful as a re- 
source for quantum information processing, for instance, 
to teleport qubits or implement a dense coding proto- 
col. In the context of a local photon-number superse- 
lection rule, this two-mode single-photon state fails to 
satisfy either of these notions of entanglement, because 
all such tasks would require Alice and Bob to violate 
the local photon-number superselection rule. A differ- 
ent but equally common notion of entanglement is that 
a state is entangled if it cannot be prepared by LOCC. 
The two-mode single-photon state certainly does fit this 
notion because the pure nonproduct states cannot be pre- 
pared by LOCC. Thus we see that operational notions of 
entanglement that coincided for pure states under unre- 
stricted LOCC, namely being not locally preparable and 
being useful as a resource for tasks such as teleportation 
or violating a Bell inequality, do not coincide under a lo- 
cal photon-number superselection rule, and the state in 
question is judged entangled by one notion and not the 
other. ^ 

This already has the flavour of the phenomenon of 
bound entanglement. However, strictly speaking, the two 
notions of entanglement that were explored in Sec. Hll were 
local preparability and l-distillability. As one might ex- 
pect from the above comments, these two notions do not 
coincide either, as we now show. 

Consider a state of the form 

^(|01)a|10)b + |10)a|01)b). (4) 

This state is certainly not locally preparable. In addi- 
tion, it can be used to violate a Bell inequality, imple- 
ment dense coding, and so on, despite the superselection 
rule. This is because Alice and Bob can still implement 
any measurements they please in the 2-dimensional sub- 
spaces spanned by |01) and |10). Thus, a useful notion 
of distillability for a bi-partite pure state in the context 
of a local photon number superselection rule is whether 
n copies of the state can be converted into nr copies of 
^(|01)a|10)b + |10)a|01)b) for some r > 0. A useful 
notion of l-distillability for a bi-partite pure state in the 
context of a local photon number superselection rule is 
whether it can be projected to a nonproduct state in some 
2x2 subspace, where the 2-dimensional local spaces are 
eigenspaces of local photon number. 

By this definition, the state -^(10) a\1)b + \1)a\0)b) 
is clearly not 1-distillable under the local photon num- 
ber superselection rule because the subspace spanned by 
{|0), |1)} cannot be mapped to the subspace spanned by 



^ Of course, if there is no local photon-number superselection rule, 
this state would satisfy all of these notions of entanglement, as 
emphasised by van Enk 0. In particular, no such superselection 
rule would apply if all parties share a common phase reference, 
as discussed in Sec. 1111 CI 



{|01), |10)} under the restricted operations. This estab- 
lishes the existence of pure states that are neither locally 
preparable nor 1-distillable under the local photon num- 
ber superselection rule. Thus, they are analogous to the 
1-bound states introduced for mixed-state entanglement. 

Another class of states whose entanglement proper- 
ties have been discussed recently in the quantum optics 
literature are those that are separable but not locally 
preparable under a local photon-number superselection 
rule 0, 01 . Examples of such states^ are 

|+>a|+>b, |->a|->b, (5) 

where |±) = :72(l'^^ l"*^^^' because of the superselec- 
tion rule, these states cannot be prepared locally. But 
they are not 1-distillable either because they are product 
states. Thus, they also lie in the gap between what is 
locally preparable and what is 1-distillable. Verstraete 
and Cirac 19,] identified such states as a "new type of 
nonlocal resource" , and van Enk [s^ identified states of 
the form of Eq. ((Sj as a standard unit of this nonlocal 
resource, which he called a "refbit" . We can identify 
these states also as analogues of the 1-bound states of 
mixed-state entanglement. 



C. A resource to "lift" the superselection rule 

In the context of a superselection rule, there is also a 
resource that precisely removes the gap between what 
is locally preparable and 1-distillable (as occurred in 
mixed-state entanglement by extending LOCC to all 
PPT-preserving operations). Recall, as described above, 
that a local photon-number superselection rule applies 
if Alice and Bob are uncorrelated with the phase refer- 
ence of Charlie, who is preparing the bi-partite quan- 
tum states. Clearly, if Alice and Bob are given phase 
references that are precisely correlated with Charlie's, 
then they no longer face any restrictions beyond that of 
LOCC. Thus, for Alice and Bob to possess a shared phase 
reference is for them to possess a resource that "lifts" the 
superselection rule. Given this resource, states such as 
^(|0)a|1)s + |1)a|0)_b) become 1-distillable, while states 
such as |+)a|+)b become locally preparable. 



D. Activation and distillation in pure-state 
quantum optics 

Finally, we demonstrate that there exist analogous pro- 
cesses of activation and multi-copy distillation in this sce- 
nario. Both of these processes have been discussed (al- 



^ Refs. lid Il9l considered states such as the equal mixture of 
|"I")a|-|-)s and |— )a|— )s- For simplicity, we restrict our atten- 
tion to pure states. 
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beit using different terminology) by van Enk 'S&l for the 
specific quantum optical state examples we present here. 

Combining --i=(|0)yi|l) b + |1)a|0) b) (a state which, by 
itself, is not 1-distillable under a local photon-number 
superselection rule) with |-|-)a|+)s one obtains a state 
that is 1-distillable. The state |-f)yi|+)s is said to acti- 
vate the entanglement of :^(|0)yi|l)_B + |1)a|0)b)- This 
is seen as follows. Let Alice and Bob both perform a 
quantum non-demolition measurement of local photon 
number, and post-select the case where they both find 
a local photon number of one. The resulting state is 

® nf [^(|0)a|1)b + \1)a\0)b)\+)a\+)b] 

cx^(|01)a|10)b + |10)a|01>b). (6) 

We note that the controversy over the use of the state 
-^(|0)a|1)b + |1)a|0)_b) to demonstrate quantum non- 
locality 0, 0, IE IE Hj 13 can be resolved by recognizing 
the role of activation. As we have shown, this state is 
not 1-distillable when Alice and Bob do not share a cor- 
related local phase reference (i.e., when a local photon- 
number superselection rule applies). However, violations 
of a Bell inequality has recently been demonstrated ex- 
perimentally using this state |E |E| . One can take two 
different perspectives on such an experiment. It is illus- 
trative to consider them both. 

In Ref. ,8|, in addition to the state :^(|0)a|1)s + 
|1)a|0)_b), a correlated pair of coherent states |q;)a|q;)b, 
where la) = X]n(^~'"' ^^ct^^ / Vr^-)\n) , are assumed to be 
shared between Alice and Bob. These modes are used as 
the local oscillators in the homodyne detections at each 
wing. Noting that neither ^(|0)a|1)b + |1)a|0)s) nor 
B are 1-distillable under the superselection rule, it 
is unclear how it is possible to violate the Bell inequality 
using such resources. The resolution of the puzzle is that 
the product of coherent states |a)A|a)B (like the state 
|+)a|+)s) activates the entanglement of the two- mode 
single photon state. To see this, we note that the same 
measurement of local photon number as described above 
projects the state onto a non-product state of random 
but definite local photon number, allowing for a demon- 
stration of nonlocality within the constraints of the su- 
perselection rule. (Such a measurement is, in fact, im- 
plemented using an ideal homodyne detection. Loosely 
speaking, each observer's homodyne detection apparatus 
couples the two local modes at a beam splitter and then 
measures the number of photons in each of the two out- 
put ports. This incorporates a measurement of the to- 
tal local photon number because the latter quantity can 
be obtained as the sum of the number in each output 
port. The difference of these two photocounts, which is 
typically the quantity of interest in homodyne detection, 
yields the information necessary to demonstrate the Bell 
inequality violation.) 

An experimental demonstration of nonlocality using 
the two-mode single photon state can also be described 
as follows Rather than treating the local oscilla- 



tors as coherent states, they are treated as correlated 
classical phase references. In this case, they constitute 
an additional resource that "lifts" the restriction of the 
local photon-number superselection rule, and the state 
^(|0)a|1)s + |1)a|0)b) becomes 1-distillable. These two 
alternative descriptions are equally valid |37j| . 

The existence of such activation processes also resolves 
a controversy concerning the source of entanglement in 
the experimental realization of continuous- variable quan- 
tum teleportation fs^. Again, we consider two different 
perspectives on the experiment. 

The first perspective is a variant of the one presented 
by Rudolph and Sanders IT3|. In our language, it can be 
synopsized as follows. Alice and Bob are presumed to be 
restricted in the operations they can perform by a local 
photon-number superselection rule. They share a two- 
mode squeezed state I7) = \/l — 7^ J2'^=o 7"'!'^' where 
< 7 < 1. In addition, they share two other modes pre- 
pared in a product of coherent states The former 
is the purported entanglement resource in the teleporta- 
tion protocol, while the latter is a quantum version of 
a shared phase reference. These states are analogous 
to -^{\0)a\1)b + |1>a|0)s) and \+)a\+)b respectively 
- neither is 1-distillable when considered on its own. So 
the question arises as to how teleportation could possibly 
have been achieved when neither the purported entangle- 
ment resource nor the quantum shared phase reference 
are 1-distillable. The resolution to this puzzle is that al- 
though individually, neither is 1-distillable, together they 
are: the quantum shared phase reference activates the 
entanglement in the two-mode squeezed state. 

The second perspective is one wherein the shared phase 
reference is treated classically Is^. As described above, 
this acts as a resource which lifts the superselection rule, 
and causes the two-mode squeezed state to become 1- 
distillable. 

An analogue of multi-copy distillation can also be 
demonstrated in our quantum optical example. For in- 
stance, the state ■^(|0)a|1)_b + |l)yi|0)_B) is 2-distillable. 
The protocol, introduced in Ref. |2E] and discussed in 
greater detail in Ref. 40], is as follows. As in the acti- 
vation example above, Alice and Bob both perform a 
quantum non-demolition measurement of local photon 
number (on both local modes) and post-select the case 
where they both find a local photon number of one. The 
resulting state is 

nf®nf [-1^(10^11)5 + |i)A|o)B)r 

(x^(|01>a|10)b + |10)a|01)b), (7) 

where ji/j)®^ = A process very similar to this 

2-copy distillation has been demonstrated in quantum 

^ The state assigned to this pair of resources in Ref. |lfl|l is simply 
a mixed version of the one we consider here. 
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optics experiments (c.f. [IJ), where correlated but un- 
entangled photon pairs from parametric downconversion 
were made incident on the two input modes of a beam- 
sphtter, so each photon transforms to a state of the form 
-^(|0)a|1)b + |1)a|0)b). Subsequently, measurements 
on the two output modes are postselected for one pho- 
ton detection at each output mode. The fact that their 
postselected results are consistent with a description of 
an entangled state demonstrates that the entanglement 
of the state --i=(|0)yi|l) b + |1)a|0) b) has been distilled by 
making use of two copies. 

We see that the remarkable (and often confusing) en- 
tanglement properties of states when local operations are 
restricted can be understood by recognizing that differ- 
ent operational notions of entanglement do not coincide 
in this case, leaving a structure akin to that of mixed- 
state entanglement. 



IV. PURE-STATE ENTANGLEMENT UNDER 
GENERAL RESTRICTIONS 

We now develop the analogy between mixed-state en- 
tanglement and pure-state entanglement when the al- 
lowed local quantum operations are restricted by a gen- 
eral (not necessarily Abelian) superselection rule. We 
continue to consider only pure states, because, although 
one could characterise mixed-state entanglement under 
such restrictions, the classification of such states would 
be at least as difficult as unrestricted mixed-state entan- 
glement. 



A. Restricting operations through general 
superselection rules 

We formulate a restriction on operations generally in 
the form of a superselection rule (SSR ) associated with 
a finite or compact Lie group G [2ll ISq . (A different 
concept of entanglement under restrictions on operations 
is discussed in |42].) 

The superselection rule we describe can be defined op- 
erationally as follows. Suppose Alice and Bob share a 
pair of systems, described by a Hilbert space (81 , 
the states on which were prepared and described by a 
third party, Charlie. Suppose further that the local refer- 
ence frames of Alice, Bob and Charlie, which transform 
via a group G, are uncorrelated: that is, the element 
g G G relating Alice's and Charlie's local frames is com- 
pletely unknown, as is the element g' G G relating Bob 
and Charlie's local frames. It follows that a preparation 
represented by a density matrix p on Ti.^ relative to Al- 
ice's frame is represented by the density matrix ^/^[p] 
relative to Charlie's frame, where 

GaIp]^ I dv{g)T^{g)pT^Hg), (8) 
Jg 



with T^{g) a unitary representation of g on 7i"*, and dv 
the group-invariant (Haar) measure. The operations that 
Alice can implement relative to Charlie's frame are rep- 
resented by completely positive maps Oa that commute 
with Ga- a similar result holds for the operations that 
Bob can implement. The joint LOCC operations that 
Alice and Bob can implement relative to Charlie's frame 
are those represented by maps Oab that commute with 
Ga'^ Gb- These are said to be locally G-invariant [2l| . 
This restriction on operations is referred to as a local 
superselection rule for G. 

A local superselection rule for G induces the following 
structure in the local Hilbert spaces (we consider H"^): 

n^ = ^nt (9) 

n 

i.e., each local Hilbert space is split into "charge sectors" 
labeled by n and each carrying inequivalent representa- 
tions Tjf of G. Each sector can be further decomposed 
into a tensor product, 

n^^M^^Kt (10) 

of a subsystem Ai^ carrying an irreducible representa- 
tion and a subsystem A/jf carrying a trivial represen- 
tation of G. For an Abelian superselection rule, such 
as the photon-number superselection rule discussed in 
Sec. IHII the subsystems are one-dimensional, and 
so the additional tensor product structure within the ir- 
reps is not required; for a general superselection rule, 
they can be non-trivial. The subsystems A/"^ are G- 
invariant noiseless subsystems relative to the decoherence 
map Ga |43j| . The action of Ga on a density operator p 
in terms of this decomposition is 

GaIp] =J2T^An<E>lAn{U^pU^) , (H) 
n 

where H;^ is the projection onto the charge sector n, Vau 
is the trace-preserving map that takes every operator on 
to a, constant times the identity operator on that 
space, and Tau is the identity map over operators in the 
space Nn- The effect of the local superselection rule, 
then, is to remove the ability to prepare states or mea- 
sure operators that have coherence between different lo- 
cal charge sectors or that are not completely mixed over 
the subsystems M^- The same structure arises for H.^ 
and provides an analogous decomposition oiGs- For fur- 
ther details, see 21, 36J . 

To address the issue of distillability of a state, we 
now demonstrate how to treat multiple systems under 
a local superselection rule. If the system that Alice 
exchanges with Charlie is made up of several systems, 
= which are all defined relative to Alice's 

frame, the uncertainty in the element .g G G relating Al- 
ice's frame to Charlie's is represented by Eq. (jHJ using 
the tensor representation = T^^ . 
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B. The analogy: general results 

We now present our main results which demonstrate 
that the structure of mixed-state entanglement is analo- 
gous in many respects to the structure of pure-state en- 
tanglement with a general restriction on local operations. 

The set of LOCC operations that are locally G- 
invariant will be denoted by G-LOCC. The set of pure 
bi-partite states that are locally preparable under a su- 
perselection rule for G, that is, preparable by G-LOCC, 
will be denoted by LPg-ssr- A pure bi-partite state is in 
LPg-SSR iff (i) the state is a product state, and (ii) it is lo- 
cally G-invariant. (Thus, not all pure product states are 
in LPg-ssr-) A state is 1-distillable with G-LOCC, 
denoted I-Dq.ssr, if there exists an operation £ in G- 
LOCC mapping 1-0) onto a 2 x 2-dimensional space such 
that f is locally G-invariant and non-separable. 

It follows from the main theorem of Bartlett and Wise- 
man (21,] that \ip) is in 1-Dg-ssr iS Ga Gb[\^P){iP\] is 
1-distillable with unrestricted LOCC. Both LPg-ssr and 
1-Dg_ssr are non-empty; explicit examples of each can be 
constructed as product/non-product states within 2x2 
subspaces or subsystems that are invariant relative to 
Ga Gb- 

Result 1. With LOCC constrained by a local superse- 
lection rule for G, the classes of pure bi-partite states 
that are locally preparable (LPg_ssr) or 1-distillable (1- 
Dg-ssr) '""e both nonempty. 

As with mixed-state entanglement, there is a proper 
gap between these two classes. The class of states in the 
gap contains both product and non-product pure states, 
and is analogous to the class of 1-bound states in mixed- 
state entanglement. An explicit example of such a state 
is a product state that is not locally G-invariant for one 
or both parties. 

Result 2. With LOCC constrained by a local superselec- 
tion rule for G, there exists a non-empty class of states 
that are neither locally preparable nor 1-distillable (nei- 
ther in LPg-ssr nor in I-Dg-ssrJ- 

Moreover, it is possible to extend G-LOCC in such a 
way that any pure state in this gap becomes either locally 
preparable or 1-distillable. One simply lifts the restric- 
tion of the local superselection by providing Alice and 
Bob with Charlie's local frame, so that the local frames 
of the three parties are correlated. With this additional 
resource, Alice and Bob can now implement any oper- 
ation in LOCC. Extending G-LOCC to LOCC divides 
the proper gap between LPg-ssr and 1-Dg-ssr into two 
classes, both of which are non-empty. All product states 
that are not locally G-invariant (i.e., product states not 
in LPg-ssr) become locally preparable with G-LOCC 
given the shared reference frame for G. We denote this 
class BLPg-ssr- This result follows directly from the fact 
that all pure product states are locally preparable with 
unrestricted LOCC. All non-product states for which 
^a®Sb[|'0)(V'|] is not 1-D (i.e., non-product states not in 



1-Dg-ssr) become 1-distillable with G-LOCC given the 
shared reference frame for G. We denote this class Bl- 
Dg-ssr- This result follows directly from the fact that 
all pure non-product states are 1-distillable with unre- 
stricted LOCC. 

Result 3. With LOCC constrained by a local superse- 
lection rule for G and the additional resource of a shared 
local reference frame for G, the superselection rule is 
"lifted, " and all states in the proper gap either become lo- 
cally preparable (BLPq-SSr) or become 1-distillable (Bl- 
Dg-ssr)- Both classes BLPg-ssr and B1-Dg-ssr are 
nonempty. 

Thus, we have demonstrated that the structure of 
Fig. n for mixed-state entanglement is analogous to the 
structure of pure-state entanglement under the restric- 
tion of a superselection rule. 

Although it is likely that the processes of activation 
and multi-copy distillation also exist for general superse- 
lection rules, we only consider this aspect of the analogy 
in depth in the context of Abclian superselection rules 
We turn to this in the next section. 



V. ACTIVATION AND DISTILLATION OF 
PURE STATES CONSTRAINED BY AN 
ABELIAN SUPERSELECTION RULE 

Although it has proven difficult to fully characterize 
activation and distillation processes in the context of 
mixed-state entanglement, it is straightforward to do so 
in the context of pure states with an Abelian superse- 
lection rule, as we now demonstrate. In particular, we 
completely classify all pure bi-partite states in terms of 
the number of copies needed for distillation. 

An Abelian superselection rule is a superselection rule 
for the group all the elements of which commute. 
(In the following, H refers exclusively to an Abelian 
group.) Superselection rules for local charge or particle 
number are examples, with the relevant Abelian group 
being U(l). The superselection rule for photon number 
considered in Sec. IIIII is another example, which can be 
seen from the fact that the phase degree of freedom in 
quantum optics transforms via the U(l) group, so that a 
shared phase reference is an example of a shared reference 
frame for U(l). In the following, we will refer to the su- 
perselected quantity for a Abelian superselection rule as 
a "charge" , and we will refer to local charge eigenstates 
simply as eigenstates. We begin with a useful lemma. 
(Note that this lemma fails for the case of non- Abelian 
groups.) 

Lemma. //|*) G^-^^H^ is a non-product state, then 
Alice and Bob can, with _ff-LOCC, project \^) onto a 
2x2 subspace ® with local projectors and 11^ , 
such that (n-^ (8)n^)|*) is a non-product state. 

Proof. Express \^) using an eigenstate basis {\n, a) a\ for 
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as 

|*) = ^|n,a)^®|<^„,„)^ , (12) 

where n labels the "charge" and a other quantum num- 
bers. (The states \(l)n,a)B are not necessarily orthogonal 
and are not normalized.) For any non-product state \^) 
there must exist at least two noncolinear \4>n,a) ^ in this 
decomposition, and thus there exists a two-dimensional 
subspace wherein the projections of these two vectors are 
noncolinear. ■ 

From this Lemma, it follows that a state \^) is in 1- 
D_f/-ssR iff there exists a subspace ® that is locally 
7f-invariant such that [li^ ^ 0. It follows that 

for a non-product state that is not in l-D/f_ssR, that 
is, a state in Bl-D//_gsR, any subspace ® such 
that (11"^ (g) n-^)|5') is a non-product state must fail to be 
locally iJ-invariant. 



A. Activation under a local Abelian superselection 

rule 

Theorem (activation). For all Y^) e Bl-D^f_ssR, there 
exists a \x) G BLP//_ssR such that |^) ® |x) is in 1- 
Dff-SSR- We say that \x) has activated the entanglement 
in 1*). 

Proof. Let 

= (n^i ®n^i)|*), (13) 

be a non-product state on a 2 x 2 subspace S^^ ®S^'^ . Let 
{|n)Ai, |^i')Ai} be a basis of eigenstates for S^^ , where 
fi = (n, a) and n' = (n', a'); note that it can occur that 
n = n' due to the existence of other quantum numbers 
a. Similarly, let {\rh)Bi, \m')Bi} form a basis for S^^. 
Because |*) is in Bl-D_f/_ssR, (g) S^^ must fail to be 
if- invariant, and therefore either n ^ n' ov m ^ m' or 
both. Let S^-" (»S^^ be defined analogously to S^^ (g)5^i , 
and define a state |x), confined to these subspaces, as 
follows: 

Ix) = (l">A. + \n')A,)® (Hb, + \m')B,). (14) 

Because either n ^ n' or m ^ m' or both, this state is not 
locally _ff-invariant, and therefore is in BLP. Let 5^+„, 
be the ii-invariant subspace of S^^ (g) S"^^ spanned by 

{\n)A^ <E) \n')A2, I^)aJ • (15) 

Define5^^^, similarly. Projecting |x) onto (g) 
^m+m' '^^^ be performed probabihstically with iJ-LOCC, 
and can easily be shown to result in a non-product state 
that is locally if-invariant. ■ 



B. Distillation under a local Abelian superselection 

rule 

We now present a complete characterization of the dis- 
tillability properties of any pure state constrained by a 
local Abelian superselection rule. Specifically, we present 
two protocols for distillation of j^*) £ BI-Dhssr- Pro- 
tocol A requires three copies of the state, and is based 
on activation. Protocol B requires only two copies of the 
state. In both protocols one chooses a local 2x2 subspace 
5-^1 (E) with certain properties, and {ip) is defined in 
terms of |*) as in Eq. ifT^ . 

Distillation Protocol A: This protocol works if (g) 
can be chosen such that yi^(ri|i/)) e S^^ or Ai{n'\ip) £ 
S^^ is not locally i/-invariant, and Bi £ S^^ or 

Bi{rh'\fp) £ S"^^ is not locally i/-invariant (this requires 
n ^ n' and m ^ m'). Projecting each copy k onto 
gAk ^Sfc yields, with some probability, three copies 
of lip). On the first copy, Ahce measures {|ri)^j, |fi')Ai}, 
and on the second copy Bob measures {\m) b2,\''^') B2} 
thereby collapsing A2 and Bi, with some probability, to 
a product state that is not locally _ff-invariant, and thus 
in BLP/f_ssR- It can be shown, by following the proof of 
the activation theorem, that this product state is in fact 
sufficient to activate the entanglement in the third copy 
of In this case, l^*) is in 3-D//_gsR. 

Distillation Protocol B: Consider two copies of \'^). The 
protocol requires one to project the first copy onto S"^^ (g 
S^^ and the second copy onto S^'^ (g S^^ , and then to 
project both copies onto g) S:^_^_^, (this subspace 

is defined in the proof of the activation theorem). The 
resulting state has the form 

X+\S+)a\S+)b + X-\S-)a\S-)b, (16) 

where 

\S±)a = \n)Ai \n')A2 ± \n')Ai \n)A2 , (17) 

and similarly for |S'±)b. It can be shown that A_ is 
necessarily non-zero. Thus, if A-|- 7^ 0, then the resulting 
state is a non-product locally _ff-invariant state, and j^*) 
is in 2-D/f_ssR- 

Theorem (distillation). All pure non-product states 
are distillable using H-LOCC, with at most three copies 
of the state required for distillation, that is, BI-Dbssr U 
1-Dh-ssr = 3-Dh-ssr- 

Proof. For every state j^") in Bl-D/f_ssR for which Distil- 
lation Protocol A fails. Protocol B necessarily succeeds. 
The proof is as follows. If Protocol A fails, then for all 
choices of g)5^, the state \ip) has a Schmidt basis 
composed of local eigenstates, and Protocol B can be 
shown to work whenever 1-0) is of this form. ■ 

Although related, this theorem is different from the 
one presented in Schuch et al [jj. In [l^l, it was shown 
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how states constrained by an Abelian superselection rule 
can be converted, using at most three copies, to the 
state |V-EPR) = \0)a\1)b + |1)a|0)s- As we argued in 
Sec. mil this state can be considered to be bound entan- 
gled when local operations are constrained by a photon- 
number superselection rule. In addition, it is shown 
in that this resource can be asymptotically converted 
to non-product locally i/-invariant states. Our result is 
stronger in that we show it is possible to prepare (with 
some probability) an effective two-qubit entangled state 
that is locally H -invariant using only operations obey- 
ing the superselection rule and at most three copies of 
any entangled pure state. This effective two-qubit state 
may then be distilled by standard techniques to prepare 
locally iJ-invariant maximally entangled pure states at 
some asymptotic rate. 

Finally, we note that we can completely characterize 
the distillability properties of any pure state constrained 
by a local Abelian superselection rule. We show that the 
class Bl-D can be divided into three non-empty regions 
by establishing that l-Djj_gsR is a proper subset of 2- 
Dh-SSR and 2-D/f_ssR is a proper subset of 3-D//_ssr (i-e. 
Protocol A sometimes fails while Protocol B succeeds). 
States such as 

IV'2-d> = 7i(|01)a|0)b + |10)a|1)s), (18) 

IV'2-d) = 7i(|oi)a|+)b + |io)a|-)s), (19) 

ICd> = ^(|0)a|1)b + |1)a|0)b), (20) 

expressed in the Pock basis, are in 2-D/f_ssR (using Pro- 
tocol B). None of them are locally i/-invariant and there- 
fore are not in I-D^-SSR- The state 

|V'3-d) = ^(|0)a|+>b + |1>a|-)b), (21) 

is in 3-D/f_gsR (as is any state in Bl-D). However, be- 
cause two copies of this state become separable when av- 
eraged (uniformly) over H locally, it is not in 2-D^f_ssR- 

VI. DISCUSSION 

In summary, we have shown how to reproduce the rich 
classification scheme of mixed-state entanglement by re- 
stricting local operations on the set of pure states so as 
to create a proper gap between what is locally preparable 
and what is 1-distillable. Debates over the entanglement 
properties of pure states under restricted operations, such 
as have appeared in the quantum optics literature, are re- 
solved by recognizing novel categories of entanglement in 
this context. Our results suggest that the exotic structure 
of mixed-state entanglement is generic, and that develop- 
ing entanglement theory under other sorts of restrictions 
is a promising direction for further research. 

For example, recent interest in creating bi-partite en- 
tangled states in condensed matter systems requires care- 
ful articulation of the operational meaning of entangle- 
ment, due to the various practical restrictions on op- 



erations on these systems. Local particle-number su- 
perselection rules often apply in practice, and as noted 
in [23, 0, J for example, the single-electron two- mode 
Fock state ^(|0)yi|l)_B-|-|l)^|0)_B) has ambiguous entan- 
glement prop erties under this restriction. Wiseman and 
Vaccaro |2(]| | have introduced an operational measure, 
called entanglement of particles to quantify the distillable 
entanglement under a local particle-number superselec- 
tion rule, and this two-mode single-electron Fock state 
has no entanglement of particles by this measure. For 
this reason, most proposals for creating bi-partite entan- 
gled states make use of spin or orbital angular momentum 
degrees of freedom of multiple particles ji^ ^3, 0| . We 
note, however, that the two-mode single-electron Fock 
state is an entanglement resource akin to the two-mode 
single-photon state, which we have shown to be useful 
through activation or multi-copy distillation; also, a suit- 
able shared U(l) reference frame could "lift" the restric- 
tion of the superselection rule, and the two-mode single- 
electron Fock state would be unambiguously entangled 
with such a resource. Moreover, entangled states be- 
tween angular momentum degrees of freedom of different 
particles will yield no real advantage over the two-mode 
single-electron Fock state in situations wherein there is 
a local SU(2) superselection rule. Such a superselection 
rule will be in force, for instance, if the parties fail to 
share a Cartesian frame for spatial orientations As 
with quantum optical systems, we emphasise the need to 
be operational when classifying or quantifying entangle- 
ment. 

The theory of entanglement for indistinguishable par- 
ticles is another situation where our results may shed 
some light. Recent research has investigated the "quan- 
tum correlation between particles" [soi which re- 
lates to the correlations between indistinguishable par- 
ticles inherent in the symmetry (or antisymmetry) of a 
many-particle wavefunction. Refs. argues that these 
quantum correlations are merely "fluffy bunny entangle- 
ment" jl^, that is, operationally useless. Our work here 
supports this conclusion; we would say that the entan- 
glement is bound by the restriction of the indistinguisha- 
bility of particles. Nonetheless, in analogy with restric- 
tions arising from superselection rules, it may be worth- 
while to consider the possibility of "lifting" this restric- 
tion through an appropriate shared resource. 

The analogy we present here also suggests that it may 
be fruitful to think of standard LOCC as a restriction rel- 
ative to the "more natural" PPT-preserving operations, 
and to consider whether a resource that lifts this restric- 
tion might be established with the same ease as a shared 
reference frame. 
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